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Abstract 
Engineered Cementitious Composites (ECCs) have recently demonstrated their high performance with pseudo strain 
hardening (PSH) behavior in civil engineering structures and buildings. These materials incorporate low cost fibers such 
as Polyvinyl Alcohol fibers, which often rupture in composites. Such fiber rupture type ECCs tend to have inferior and 
unsaturated PSH behavior compared with those incorporating properly designed pull out type fiber. The present study 
focuses on presenting practical design criteria to achieve saturated PSH behavior in fiber rupture type ECCs. These cri-
teria are proposed based on two performance indices, which are measures of energy exchange during steady state flat 
crack propagation and stress level to initiate micro-cracks. The latter performance index necessitates a new cracking 
strength prediction theory, which is proposed in the current study. Finally the cracking strength theory is justified using 
tensile test data, and the criteria are proposed based on the data in terms of these two indices. 
 

 
1. Introduction 

Fiber reinforced cement composites with pseudo strain 
hardening (PSH, hereafter) behavior have been exten-
sively investigated in the world and are expected to pro-
vide impact on realizing innovative infrastructure 
(Naaman and Reinhardt 1995). Engineered Cementitious 
Composite (ECC) (Li 1993), a special version of PSH 
cementitious composites, has already been applied in 
several structures and demonstrated its high performance 
on site. These applied ECCs involved relatively low cost 
fiber such as a Polyvinyl Alcohol (PVA) fiber. This kind 
of composites often involves fiber rupture in crack 
bridging action due to the combination of relatively 
moderate fiber strength, small fiber diameter and strong 
chemical bonding. This composite type is therefore 
named fiber rupture type ECC in the current study. A 
Micromechanics based composite design theory has been 
proposed (Kanda and Li 1999), which enables one to 
design the fiber rupture type ECCs, based on microme-
chanics constitutive properties including chemical bond 
strength in fiber/matrix interface and fiber’s in-situ 
strength in composites.  

The fiber rupture type ECCs with PVA fibers (Kanda 
and Li 1999) tend to have lower strain capacity than 
composites with no fiber rupture (fiber pull-out type 
composites) such as those reinforced with 40µm diame-
ter Polyethylene fiber (Li et al. 1995). This 
40µm-Polyethylene fiber composite showed over 5 % 

strain capacity, and its PSH behavior is classified as 
“saturated PSH behavior”, in contrast to “unsaturated 
PSH behavior” of the PVA fiber composites. The extent 
of PSH is associated with saturation intensity of multiple 
cracking sequence and has been investigated both ex-
perimentally and theoretically (Kanda and Li 1998; 
Kanda and Li 1999). These investigations revealed that 
the PVA fiber composites have lower available com-
plementary energy in crack bridging than the Polyeth-
ylene fiber composites. This lower energy performance 
appears responsible for the inferior strain capacity or 
unsaturated PSH behavior of the PVA fiber composites. 
While recent research progress has demonstrated sub-
stantially improved strain performance in PVA-ECC by 
adopting interface tailoring (Li et al. 2002), the criteria 
for achieving saturated PSH in the fiber rupture type 
ECCs need further clarification. 

It has been demonstrated that stress performance is 
also important for the saturated PSH behavior as well as 
energy performance. It was proposed that these two 
performances are measured by two indices, stress per-
formance index and energy performance index (Kanda 
and Li 1998). These two indices were shown to rea-
sonably represent composite potential for PSH behavior. 
In addition, two practical design criteria using these 
indices were presented for saturated PSH in fiber pull-out 
type composites. These performance indices and practi-
cal design criteria should be extended to cover fiber 
rupture type composites. This extension requires better 
understanding of the tensile behavior of the fiber rupture 
type composites. The stress performance index involves 
first cracking strength, which has not been theoretically 
clarified in literature for the fiber rupture type ECC but 
has been for fiber pull-out type (Li and Leung 1992). 

The present study focuses on presenting the practical 
criteria to facilitate designing saturated PSH behavior in 
fiber rupture type ECC. To achieve this goal, two per-
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formance indices and corresponding design criteria are 
proposed by extension of previous research results for 
fiber pull-out type composites. The first cracking 
strength can be determined using micromechanics con-
cepts of bridged cracks. For this determination, a new 
first cracking strength estimation scheme is proposed 
involving fiber rupture. Next, composites involving fiber 
rupture are designed potentially to show variety of PSH 
saturation and are then tested under uniaxial tensile 
loading.  Findings in this test combined with preliminary 
published work are used in the current study to justify the 
cracking strength theory and to establish the criteria for 
achieving saturated PSH behavior. 

 
2. Performance indices 

Two performance indices were proposed to describe 
tensile strain performance of the fiber pull-out type ECCs 
(Kanda and Li 1998). These two indices were obtained 
from the primary conditions for PSH behavior as follows 
(Leung 1996; Li 1993; Li and Leung 1992). 

( )fc peaki
σ σ<  (1) 

J Jtip b′<  (2) 

where, (σfc)i is the first cracking strength, σpeak is the peak 
of crack bridging stress σc due to fiber in composite, Jtip 
is the crack tip toughness of composite, and J’b is com-
plementary energy (Marshall and Cox 1988) of the σc-δ 
curve. δ denotes crack opening displacement (COD). In 
principle, all four parameters can vary from one (poten-
tial) crack plane to another. However, this study focuses 
on the variability of (σfc)i . The implication of eq. (1) can 
be intuitively understood, namely, that the crack bridging 
stress of a composite should be higher than the first 
cracking strength, otherwise the composite fails imme-
diately after a microcrack is initiated from a defect site. 
eq. (2) implies that sufficient energy should be supplied 
to create steady state crack condition necessary for mul-
tiple crack generation. This implication is explained by 
Fig. 1, which illustrates the σc-δ curve. The area under 
this curve shows the energy consumed by fiber bridging 
action per unit crack advance. This bridging energy is 
well know as a source of better ductility of conventional 
fiber reinforced concrete (e.g., Hirsch 1962; e.g., Ogishi 
and Ono 1987). On the other hand, the complementary 
energy J’b is understood as the net energy available for 
crack propagation (difference between externally sup-
plied work and fiber bridging energy consumption), 
while Jtip represents the matrix crack toughness resisting 
the propagation. Hence eq. (2) expresses that the maxi-
mum energy available for steady state crack propagation 
should exceed energy necessary to break down the ma-
trix. A more detailed explanation for eq. (2) can be found 
in Marshall and Cox (1988) and Li (1993). 

Performance indices σpeak/(σfc)i (stress performance 
index) and J’b/Jtip, (energy performance index) are pro-

posed in according with eq. (1) and eq. (2). Both these 
performance indices must exceed unity for realizing PSH 
behavior for the fiber pull-out type ECC (Kanda and Li 
1998). The assumption behind this concept is that σpeak 
and J’b may not reach their expected theoretical values in 
a given material/specimen due to matrix and fiber 
bridging variability. σpeak/(σfc)i and J’b/Jtip, therefore 
represent “margins” of strength and energy performance. 
Higher index values imply greater possibility of saturated 
multiple cracking or saturated PSH behavior, which 
result in higher strain capacity. Estimating the perform-
ance indices requires knowledge of the σc-δ relation. 
This representation has been demonstrated in a previous 
study (Kanda and Li 1999). σc in normalized form was 
expressed as a function of micromechanics parameters of 
composite constituents in addition to δ,  

.( ; , , , , ,) 
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Fig. 1 Energy condition for Pseudo Strain Hardening.
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Chemical bond strengthsτ =  

Elastic modulus of compositeEc =  

Shear modulus of compositeGc =  

* Effective radius of matrix cylinder containing the fiberR =
    Snubbing coefficientf =  

Fiber strength reduction factorf ′ =  
 
Snubbing coefficient f was introduced to express en-

hancing effects of fiber inclining angle on single fiber’s 
pulled out resistance load. More details are to be referred 
to a literature (Li et al. 1990). The full expression of eq. 
(3), or bridging law, is shown in Appendix. Then the 
complementary energy J’b is given by (Marshall and Cox 
1988): 

( )
0

peak
J J dtip b peak peak c

δ
σ δ σ δ δ′≤ = − ∫  (4) 

where, 

=Peak stress of ( )c

  corresponding to  

peak

peak peak

σ σ δ

δ δ σ=
 

Equation (4) was numerically evaluated using the 
bridging law of eq. (3) (Kanda and Li 1999). In this 
reference, the calculated J’b/Jtip was substantiated via a 
limited number of examples to be useful in predicting the 
behavior of fiber rupture type composites. The current 
study adopts the same procedure for calculating J’b/Jtip 
but applied it to a broader range of composites.  

The other performance index requires the evaluation 

of σpeak/(σfc)i and therefore the theoretical examination of 
(σfc)i. This is discussed next. 

 
3. Theory for first cracking strength 

A fundamental approach for deriving (σfc)i suggested in 
past researches (Li and Leung 1992; Marshall and Cox 
1988) was based on fracture mechanics. In these litera-
tures, a simple penny shape flaw involved in composite 
body, which is bridged by short random fibers as illus-
trated in Fig. 2. Following the notation by Li and Leung, 
the net stress intensity factors must balance the crack tip 
fracture toughness when composite cracking occurs: 
 
 ˆ ˆ ˆK K KL B tip+ =  (5) 
where, 

( )ˆ 0 0K K cL iL σ=  

( ) ( )ˆ ˆ,  0 0 0 0K K c K K cB i tip itip tipσ σ= =  

Stress intensity factor due to applied remote loadingKL =  

Stress intensity factor due to fiber bridgingKB =  

Crack tip toughnessKtip =  

Max. crack bridg. stress of aligned fiber with frict. bond 0

          (expression is to be refered in Appendix)

iσ =
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2

c0 22 216 1

L Ef c
Ktip

π
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Poisson ' s ratio of  compositeν =  
 
Ktip = Km(Ec/Em) can be assumed according to Marshall 

 
 

Fig. 2 Flaw model for cracking strength estimation. 



62 T. Kanda and V. C. Li / Journal of Advanced Concrete Technology Vol. 4, No. 1, 59-72, 2006 

et al. (1985), where Km is matrix fracture toughness. KL is 
expressed by hypothesizing a penny shaped crack in an 
infinite composite body subjected to remote loading σ, 

ˆ ˆ2 cKL σ
π

=  (6) 

where, 

ˆ ˆ,  ,  and radius of crack0 0c c c ciσ σ σ= = =  

KB may be obtained by integrating closure pressure 
due to fiber bridging over the crack profile as Li and 
Leung (1992): 

( )ˆ 1 ˆˆ ˆ2 0 21

c RdRKB c
R

σ δ
π

=− ∫
−

 (7) 

where, 

ˆ  
2

,  distance  from crack center

L f

R r c and r

δ
δ =

= =

 

Crack profile is not predetermined and σc is not known 
at a position with R in eq. (7). Following Li and Leung 
(1992), the crack profile is assumed for simplicity to take 
a half parabolic shape: 

( )1 2ˆ ˆ 1
2

c Rδ = −  (8) 

For the fiber rupture type composites, eq. (7) is then 
calculated using the crack profile of eq. (8) and σc(δ) in 
eq. (3). For σc(δ), initial expression of σc1(δ) transits to 
σc2(δ) when fiber rupture initiates as shown in Appendix. 
Therefore, eq. (7) is modified accounting for fiber rup-
ture as follows: 

( ) ( )ˆ 1ˆ ˆˆ ˆ ˆ2 2 10 2 21 1

c RdR RdRRuKB c cRuR R
σ δ σ δ

π

⎡ ⎤
⎢ ⎥=− +∫ ∫
⎢ ⎥− −⎣ ⎦

 (9) 

where Ru denotes the crack radius within which fiber 
rupture occurs. Ru is expressed as follows: 

( )

( )

( )
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ˆ
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c
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Ru is derived   
ˆ δ = ˆ δ u φ = π 2( )  is assumed in eq. (8). 

  
ˆ δ u φ = π 2( ) corresponds to COD at fiber rupture initi-

ates and its expression is shown in Appendix. 
Next, cracking stress level σfc is estimated by substi-

tuting eqs. (6) and (9) into eq. (5) and then solving for σ.  
Finally, σfc is obtained as a function of crack size c and 

micromechanical parameters of the composite:  

( ) ( )

ˆ
ˆ ˆ2

1ˆ ˆˆ ˆ2 10 2 21 1

Ktip
fc c peak

RdR RdRRu c cRuR R

π
σ
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σ δ σ δ
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 (11) 

where, 

ˆˆ

ˆ ˆNormal.  at peak bridg. stress  is attainedpeak

c c peak

peak

δ

δ δ σ

=

=

 

Note that σfc in eq. (11) is numerically calculated due 
to the mathematical complexity in the σc(δ) expression of 
eq. (3), unlike that for fiber pull-out type composites by 
Li and Leung (1992).  

Equation (11) provides first cracking strength (σfc)i, 
when the flaw size “c” responsible for cracking is speci-
fied in the tensile specimens. This specification can be 
achieved experimentally such as by direct observation of 
flaw size in the composite. However, such flaw size 
investigation is beyond the scope of the current study. In 
this study, the flaw size cm apparently responsible for 
matrix cracking is taken to be the same as that governing 
the composite’s cracking, as a rough approximation. cm is 
estimated assuming a penny-shaped flaw in an infinite 
composite bulk same as in deriving KL in eq. (6). 

2

2
Kmcm
mu

π
σ

⎛ ⎞
=⎜ ⎟⎜ ⎟

⎝ ⎠
 (12) 

where, 

Matrix fracture toughness

Tensile strength of plain matrix  

Km

muσ

=

=
 

Combining eqs. (11) and (12) leads to obtaining first 

cracking strength prediction, ( )est
fc i

σ , and two sources 

cause inaccuracy of estimating ( )est
fc i

σ . The first is 

additional flaws as air voids involved with fiber disper-
sion in mixing. Fiber involvement in mixing is likely to 
introduce additional defects in processing (Li and Mishra 
1992). cm in eq. (12) is estimated from matrix tensile 
strength, in which the above additional flaws due to 
processing are not taken into account. This discrepancy 
may be attributed to overestimating first cracking 
strength. The second source is due to the assumed ellip-
tical crack shape in eq. (8). This simple assumption 
overestimates the crack opening and the closing pressure 
due to fiber bridging. Marshall et al (1985) conducted 
numerical simulation which suggested that the overes-
timation in cracking strength was up to 20%. Therefore, 



 T. Kanda and V. C. Li / Journal of Advanced Concrete Technology Vol. 4, No. 1, 59-72, 2006 63 

considering the above two sources, this study suggests 

the following formula for estimating ( )est
fc i

σ by intro-

ducing a reduction factor of 0.8.  
 

( )
( ) ( )

ˆ

ˆ2
ˆ 0.8

1ˆ ˆˆ ˆ2 10 2 21 1

Ktip
cm peakest

fc i RdR RdRRu c cRuR R

π
δ

σ

σ δ σ δ

⎧ ⎫⎛ ⎞
⎪ ⎪⎜ ⎟
⎪ ⎪⎜ ⎟

⎝ ⎠⎪ ⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪
⎢ ⎥+ +⎪ ⎪∫ ∫
⎢ ⎥⎪ ⎪− −⎣ ⎦⎩ ⎭

 (13) 

where, 

ˆˆc cm peakm δ=  

Finally, the procedure for estimating stress perform-

ance index σpeak/(σfc)i, now read as σpeak/ ( )est
fc i

σ , is 

completed. This theoretical index is compared with the 
stress performance index observed in tests. 

 
4. Experimental program 

Focusing on the degree of multiple cracking saturation in 
fiber rupture type ECC, various ECC material mix de-
signs resulting in different degrees of microcrack satu-
ration will be demonstrated experimentally. This dem-
onstration can be achieved by employing two approaches 
in ECC design, which increase the two performance 
indices described in the pervious section. One is to in-
crease water-to-cement ratio (w/c, hereafter) in the ma-
trix, and the other is to select fibers without chemical 
bonding with cementitious matrix.  

These material constituent selections are justified by 
previous research results. Past studies have indicated that 
PVA fibers are characterized by high fiber strength and 
strong bonding with cementitious matrix (in comparison 
to those of polypropylene fibers, for example). However, 
it has been suggested that PVA fibers tend to have too 
strong interfacial friction bond strength τi and chemical 
bond strength τs. This intense interfacial bonding char-
acteristic is reported to result in inadequate tensile strain 
capacity in PVA fiber composites (Kanda and Li 1999). 
Although strong bonding is generally preferable in fiber 
pull-out composites to achieve higher tensile strength 
and strain capacity, it is not necessarily the case for the 
fiber rupture type composites. Indeed, it has been quan-
titatively revealed that overly strong bond seriously re-
duces tensile strain capacity of the PVA fiber composites 
due to severe fiber rupture during crack bridging action 
and resulting in lower J’b and J’b/Jtip (Kanda and Li 1999). 
Weakening interfacial bond of PVA fibers can be 
achieved by employing matrix with higher w/c. This is 
supported by the evaluation results of single fiber 
pull-out bond tests, in which 14µm-PVA fiber’s τi tend to 
decrease with increasing w/c of matrix (Kanda 1998). In 
addition to this bond weakening effects, increasing w/c 
of matrix is anticipated to enhance strain capacity by 

increasing J’b/Jtip due to lower Jtip. 
The second approach, selecting fibers without 

chemical bonding, is also reported to enhance J’b/Jtip by 
increasing J’b. Chemical bonding was theoretically re-
vealed to increase the stiffness of crack bridging due to 
fiber. This higher stiffness leads to lower complementary 
energy J’b and lower J’b/Jtip (Kanda 1998). Chemical 
bonding is usually accompanied by hydrophilic fiber 
surface chemistry. Therefore, eliminating chemical 
bonding for PVA fibers may be achieved by changing 
their chemistry from hydrophilic to hydrophobic by fiber 
surface modification. This was recently achieved by Li 
and co-workers (2002). However, the current study se-
lects a hydrophobic fiber for simplicity, a recently de-
veloped Polyethylene fiber with much smaller diameter 
(14 µm) than that of the 40µm-Polyethylene fiber used 
for the fiber pull-out type composites. The 
14µm-Polyethylene fiber also has similar fiber strength 
and modulus as the 14µm-PVA fiber.  

Thus, the current study investigates five different 
composites. Table 1 summarizes these composites. This 
study employs the combination of two matrix mix pro-
portions (w/c = 27 and 42 %) and three fiber types 
(14µm-PVA fiber, 40µm-PVA fiber, and 
14µm-Polyethylene fiber). These composites are inves-
tigated by tensile test shown in Fig. 3. Of these combi-
nations, two composites had been tested by the authors in 
the past (Kanda and Li 1999), and the remaining three 
were tested in the current study. The first two composites 
can be treated as the reference composites with low w/c 
and PVA fibers (14µm-PVA fiber composite with w/c = 
27 % and 40µm-PVA fiber composite with w/c = 27 %). 
These composites have shown limited PSH behavior as 
indicated in Fig. 4. The three new composites tested are 
aimed at improving the multiple cracking saturation 
degree based on the observations of the reference com-
posites and the two prescribed approaches. By increasing 
w/c of the reference systems, 14µm-PVA fiber composite 
with w/c = 42% and 40µm-PVA fiber composite with w/c 
= 42% were designed. Furthermore, instead of PVA fi-
bers, 14µm-Polyethylene fiber was employed with w/c = 
27% (14µm-Polyethylene fiber composite with w/c = 
27%). This Polyethylene fiber has similar mechanical 
properties and geometry to the 14µm -PVA fiber. Matrix 
mix proportions for these composites are shown in Table 
2.  

Table 1 Outline of investigated composite. 

W/C 

 
(1) 

40 m- 

PVA 
(2) 

14 m- 

PVA 
(3) 

14 m- 

PE 
(4) 

27% ○ ○ ◎ 

42% ◎ ◎ - 

◎: Tested ○: Referred to Kanda and Li 1999 
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It should be noted that all five composites in this study 
are designed to involve fiber rupture. This is confirmed 
in theory by adopting constitutive micromechanics pa-
rameters shown in Table 3. In this table some parameters 
are determined from past studies (e.g., Hirsch 1962; 
Ogishi and Ono 1987). Applying these parameters, the 
condition that ensures fiber rupture in composites is 
expressed as follows:  

L Lr f<   (14) 

Lr/2 denotes minimum fiber embedment length where 
fiber rupture occurs in composites. A detailed expression 
of Lr should be referred to Appendix. All five composites 
satisfy the condition represented by eq. (14). 

 
5. Experimental results and theoretical 
interpretation 

Stress-strain curves were obtained in the uniaxial tensile 
tests as shown in Fig. 5 and Fig. 6. Characterizing values 
representing stress-stain results in Fig. 4, Fig. 5 and Fig. 
6 are summarized in Table 4. In this table, first cracking 

strength in test ( )test
fc i

σ  was determined as the first 

inflection point in stress-strain results as shown in Fig. 7. 
test
peakσ  denotes peak stress in stress-strain relation in tests. 

Furthermore, the ultimate tensile strain capacity test
cuε  is 

defined as the strain beyond which continuous stress 
drop initiates.  

Figure5 illustrates the stress-strain relation of the 
PVA composites with w/c = 42 %. Comparison of Fig. 4 
with Fig. 5 reveals that higher w/c enhances the ultimate 
strain capacity test

cuε .  From these two figures and Table 4, 

it is found that test
cuε extends from 0.26 % to 0.55 % on 

average with increasing w/c from 27% to 42% for the 
14µm-PVA fiber composites. Furthermore, for the 
40µm-PVA fiber composites, test

cuε increases from 1 % to 
1.5 % on average as shown in Table 4. Therefore, it can 
be concluded that increasing w/c for PVA fiber com-
posites is effective in enhancing PSH behavior as origi-
nally planned.  

Figure 6 depicts the stress-strain relation of the Poly-
ethylene fiber composite. In this figure, the strain ca-
pacity is much larger than that of the PVA fiber compos-
ites shown in Fig. 4 and Fig. 5, reaching over 5 %. Hence 
the effect of using fiber with appropriate bond strengths 
was found to greatly enhance PSH behavior.  

The observed effects of enhanced PSH can be exam-
ined from theoretical view points. Greater saturation of 
PSH behavior is led by higher potential in composite 
performance, which can be represented by the two per-
formance indices, σpeak/(σfc)i and J’b/Jtip, as described 
earlier. Indeed, the two adopted approaches to enhancing 
PSH behavior, increasing w/c for PVA fiber composites 
and using fiber with moderate bond strengths, were 

Table 2 Mix proportion of matrix. 

W/C 
% 
(1) 

Cement
 

(2) 

Silica 
fume 
(3) 

Wtaer 
 

(4) 

Super 
Plast. 

(5) 

Viscous
agent

(6) 

*27 0.8 0.2 0.27 0.040 - 

42 1.0 - 0.42 0.007 0.0015

*Silica fume is included in cement weight 

LVDT

LVDT
Holder

Specimen

Glued
Aluminum Plate

Load

LVDT
Holder

76.2 mm

12.7 mm

205
mm

305
mm

 
Fig. 3 Tensile test set-up. 
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Fig. 4 Tensile stress-strain relation in test for 14µm-PVA 
and 40µm-PVA fiber composites with w/c =27%. 
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shown to increase these two indices as follows. They 
both decrease cracking stress level σfc, thus resulting in 
higher σpeak/(σfc)i. This is demonstrated in Fig. 8, in 
which cracking stress level estimated via the proposed 
theory is depicted in terms of normalized crack size. 
Cracking stress curves in Fig. 8 were obtained from eq. 
(11), whose micromechanical parameters were substi-
tuted using the magnitudes in Table 3. In Fig. 8 (a), 
cracking stresses for the same crack size are found to 
decrease with increasing w/c in the PVA composites. 
Furthermore, the polyethylene fiber composite has much 
lower cracking stress than the PVA composites as shown 
in Fig. 8 (b). Hence these differences in cracking stress 
appear to reflect variation in PSH saturation observed in 
the three composites.  

Figure 9 further justifies the adopted approaches. This 
figure compares the crack bridging performances of the 
composites, which were estimated from eq. (3). It illus-
trates much higher complementary energy J’b for the 
polyethylene fiber composite than the 14µm-PVA fiber 
composites. This appears to result in much greater satu-
ration of PSH behavior in the former composite than in 
the latter. It should be noted that the 14µm-PVA fiber 
composite with w/c = 42 % has almost identical crack 
bridging performance and complementary energy J’b to 
those with w/c = 27 %. However, the composite with w/c 
= 42 % appears to have lower crack tip toughness Jtip than 

the one with w/c = 27 %. Literature suggests that this 
difference in Jtip is about 30 % (Ogishi and Ono 1987), 
which is likely to result in higher J’b/Jtip and greater PSH 
saturation for the composite with w/c = 42 % than that 

Table 3 Micromechanics parameter of composite. 

Constituent Micromechanic 
s parameter 40µm-PVA 14µm-PVA 14µm- 

PE 

(1) (2) 

a w/c= 
27% 
(3) 

w/c= 
42% 
(4) 

a w/c= 
27% 
(5) 

w/c= 
42% 
(6) 

w/c= 
27% 
(7) 

 Fiber length Lf 
(mm) 12  6  6 

Fiber diameter 
df (mm) 0.040  0.014  0.014 

Fiber 
elastic modulus 

Ef (GPa) 
21.8  60  63 

Nominal fiber 
strength σfu

n 
(MPa) 

806  1666  e1400 

Fiber 

Fiber volume 
fraction Vf (%) 2  1.5  2 

Matrix 
elastic modulus 

Em (GPa) 
23 b15.9 23 b15.9 23 

Matrix 
Fracture 

toughness Km 
(MPa m0.5) 

0.33 c0.23 0.33 c0.23 0.33 

Matrix 

g 
Tensile 

strength 
σmu (MPa) 

1.60 1.12 1.60 1.12 1.60 

Frictional bond 
strength 
τI (MPa) 

2.21 d2.21 4.35 d4.25 f 0.66 

Chemical bond 
strength τs 

(MPa) 
31.3 d31.3 33.6 d29.1 - 

Snubbing 
coefficient f 0.5 0.5 0.5 0.5 0.5 

Fiber/ 
matrix 

interface 

Fiber strength 
reduction factor 

f' 
0.3 0.3 0.3 0.3 0.3 

a After Kanda and Li 1999    b After Hirsh 1962    c After Ogishi 1997    d After Kanda and Li 1998 
e Assumed                            f After Li et.al 1995   g after Li et.al 1995 

Table 4 Outline of tensile test result. 

40µm-PVA 
Comp. 

14µm-PVA 
Comp. 

14µm-
PE 

Comp.
 

w/c=
27%
(1)

w/c= 
42% 
(2) 

w/c= 
27% 
(3) 

w/c=
42%
(4) 

w/c=
27%
(5) 

( )test
fc i

σ  2.47 1.85 3.99 2.92 2.25

test
peakσ  3.25 2.43 4.62 3.32 3.25

test
cuε  1.03 1.50 0.26 0.55 5.10

    Data are the average of three specimens 
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Fig. 5 Tensile stress-strain relation in test for 14µm-PVA 
and 40µm-PVA fiber composites with w/c =42%. 
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Fig. 6 Tensile stress-strain relation in test for14µm PE. 
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with w/c = 27 %.   
Note that the polyethylene fiber composite should 

show much better PSH performance than the 14µm-PVA 
fiber composites even if these two composites involve 
the same fiber volume fraction of 1.5%. Although the 
examined polyethylene fiber composite contained 2% 
volume fiber, theoretical estimation showed that the 
polyethylene fiber composite with Vf = 1.5% still had 
higher potential for PSH performance than the examined 
14µm-PVA fiber composite. The calculation revealed 
that the former composite had twice the J’b/Jtip higher 
than the latter. The crack bridging performance of the 
former composite is shown as 14µm-PE (ref.) in Fig. 9. 

 
6. Rationalizing theory for predicting 
performance indices  

Prediction of two performance indices, J’b/Jtip and 
σpeak/(σfc)i has to be rationalized with experimental re-
sults. J’b/Jtip is not directly measured from tensile tests in 
this study. However, past study has demonstrated that 
this index predicted from the proposed theory shows 
strong correlation with ultimate tensile strain obtained 
from tensile tests using fiber rupture type composites 

(Kanda and Li 1999). Therefore, prediction procedure for 
J’b/Jtip is considered to be justified in an indirect manner. 
σpeak/(σfc)i prediction for fiber rupture type composites is 
investigated first in this study and no previous com-
parison exists between test data and analysis prediction. 
This comparison is discussed below.  

To analytically evaluate the stress performance index 
σpeak/(σfc)i, accurate estimates of both peak bridging 
stress σpeak and first cracking strength (σfc)i are needed. 
Estimation of σpeak is first validated by comparing test 
data and theoretical prediction. σpeak is evaluated as the 
peak value of composite crack bridging performance: 
σc-δ relation of eq. (3). The evaluation results are plotted 
against test results in Fig. 10. In this figure, theoretical 
prediction σpeak is rather consistent with test

peakσ  while only 
a data point in parenthesis, which corresponds to the 
14µm-PVA fiber composite with w/c = 42 %, has over 
50% estimation error. This error may be partially attrib-
uted to the so called “plug pull-out” phenomenon in 
crack bridging action of fiber (Li and Wu 1992; Naaman 
et al. 1991). This event is illustrated in Fig. 11 and is not 
taken into account in the adopted theory.  

In this plug pull-out phenomenon, adjacent fibers 
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Fig. 8 Effect of experimental parameters on cracking stress level, (a) mix proportion, and (b) fiber type. 

Fig. 7 Identification of first cracking point using stress-strain curve (40µm-PVA, w/c=42%). 
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bridging across cracks are not pulled out individually but 
together with a small matrix block. This event occurs 
when matrix shear strength is rather weak relative to 
interfacial shear stress at fiber/matrix interface and limits 
fiber bridging performance to lower than expected. This 
appears to be the case for PVA fiber when high w/c is 
used. As described before, PVA fiber has very strong 
interfacial bond strengths with cement matrix. However, 
it is considered that the matrix with w/c = 42% has much 
lower shear strength than that with w/c = 27%. Some 
evidence of this plug pull-out event was described in the 
literature for the 14µm-PVA fiber composite with w/c = 
42% (Kanda and Li 2002) in a microscope observation of 
crack plane, in which a few adjacent protruding fibers 
were together with a matrix plug. However, other com-
posites including the 40µm-PVA fiber composite with 
w/c = 42% did not show significant plug pull-out events. 
This may be because that frictional bond strength of 
40µm-PVA fiber is about half that of 14µm-PVA and 
distance between fibers is considered much larger than 
the other due to its much larger fiber diameter and length. 
In the following investigation, data for 14µm-PVA fiber 
composite with w/c = 42% are excluded due to this plug 

pull-out phenomenon. 
The proposed theory for determining first cracking 

strength is justified in this study using uniaxial tensile 
test data. First, cracking strength observed in tensile tests, 

( )test
fc i

σ , was determined as the first inflected point in 

the obtained stress-strain curves as depicted in Fig. 7. 

Furthermore, theoretical first cracking strength, ( )est
fc i

σ , 

was estimated from eq. (13). The comparison between 

( )est
fc i

σ and ( )test
fc i

σ is illustrated in Fig. 12, where the 

estimation results of σfc(cm) using eqs. (11) and (12) 
without reduction factor of 0.8 is also involved as a ref-
erence. Calculating cm requires the estimation of σmu for 
each composite, which is achieved by referring literature 

(Li et al. 1995). In Fig. 12, ( )est
fc i

σ appears much more 

coincident with ( )test
fc i

σ  than σfc(cm), which overesti-

mates by 45 % on average for the current data set. 
Therefore, introducing the reduction factor in eq. (13) 
appears valid and this suggested formula seems to re-
produce test results of first cracking strength. 

Next, accuracy in estimating stress performance index 

( )est
peak fc i

σ σ  is demonstrated by comparison with test 

data as shown in Fig. 13. This figure shows reasonable 
agreement between stress performance indices obtained 
from test and analysis. This result substantiates the pro-
posed theory in estimating stress performance index. 
Hence it can be concluded that theoretical stress per-
formance index using the proposed first cracking 
strength formula is coincident with the actual perform-
ance index.  

Note that the cm obtained from eq. (12) was too large 
compared with realistic flaw size observation in com-
posite (Kanda and Li 2000). This discrepancy appears to 
be attributed to the hypothesis adopted in eq. (12), in 
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Fig. 9 Calculation result comparison in composite bridg-
ing performance. 
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Fig. 10 Peak bridging stress comparison between test 
and analysis. 

 
 

Fig. 11 Schematic of plug pull out phenomenon. 
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which a penny shaped single crack is assumed for sim-
plicity to occur in infinite bulk solid of materials. In 
reality, however, numerous cracks are present; their in-
teraction increases the Stress Intensity Factor (SIF). 
Accounting for this interaction effect in the formula leads 
to smaller and more realistic estimation of flaw size. 
Nevertheless, first cracking strength formula in eq. (13) 
was derived under the same hypothesis as eq. (12). This 
means that using cm evaluated by eq. (12) appears to lead 
to reasonable estimation of first cracking strength using 
eq. (13). Indeed, this is demonstrated in Fig. 12. How-
ever, a more advanced hypothesis (e.g., random flaws 
interacting with each other in composites) is needed to 
more accurately determine cm and first cracking strength 
in analysis in a future study.   

 
7. Effect of performance indices on ultimate 
tensile strain 

The inclination of ultimate tensile strain is checked with 

the proposed performance indices, ( )peak fc i
σ σ and 

J’b/Jtip. Figure 14 illustrates the relationship between 

( )est
peak fc i

σ σ and observed ultimate strain test
cuε . In Fig. 

14, open circles indicate the stress performance index 

observed in the tests, ( )testtest
peak fc i

σ σ , and solid circles 

indicate theoretical values, ( )est
peak fc i

σ σ , estimated 

from eqs. (3) and (13). Figure 14 shows that increasing 

( )est
peak fc i

σ σ leads to higher test
cuε . This tendency 

reflects that higher stress potential ensures better con-
formance for stress criterion of PSH behavior, given by 

eq. (1). The dependency of test
cuε on ( )est

peak fc i
σ σ is 

very similar to that on ( )testtest
peak fc i

σ σ as demonstrated 

in Fig. 14 while the theoretical performance index is 
slightly (about 10%) larger than observed value for the 
identical test

cuε . For energy performance index J’b/Jtip, 
Figure 15 shows relationship with observed ultimate 
strain test

cuε . In this figure, test
cuε  coincides with increasing 

J’b/Jtip, which is similar to the case for ( )est
peak fc i

σ σ .  

The results in Fig. 14 and Fig. 15 agree with those for 
fiber pull-out type ECC in a past study (Kanda and Li 
1998) and infers the possibility of controlling the PSH 
saturation intensity via ultimate tensile strain in terms of 
the two performance indices. However, ultimate tensile 
strain is influenced by both crack opening displacement 
and crack spacing. The latter directly correlates with PSH 
saturation intensity, and this correlation is investigated 
next.   
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Fig. 12 First cracking strength comparison between test 
and analysis. 
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Fig. 13 Stress performance index comparison between 
test and analysis. 
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8. Composite design criteria with 
performance indices 

The two performance indices, ( )peak fc i
σ σ  and J’b/Jtip, 

are utilized to propose practical criteria for designing 
saturated fiber rupture type ECC with saturated PSH 
behavior. For this purpose, an index for measuring PSH 
saturation is introduced, and its limiting value to achieve 
saturated PSH is defined referring to past studies. Next, 
relationship between the saturation index and the per-
formance indices is shown. Then design criteria in terms 
of the two performance indices, above which saturated 
PSH behavior is expected, are finally investigated using 
the relationship with the saturation index.  

Saturation intensity of PSH behavior may be measured 
using the saturation index, expressed as the ratio between 
observed ultimate crack spacing in tests, xd

test, and theo-
retical saturated crack spacing, xd (Kanda and Li 1998b). 
xd is defined as crack spacing necessary to transfer stress 
from bridging fibers to matrix via interface friction in a 
cracked section. Micromechanics theory for predicting xd 
has been proposed in the literature (Wu and Li 1995): 

2 2

2

L L L xf ffxd
πψ− −

=  (15) 

where, 

( ) ( )22 1+14
,  ,  and  = 24 4

feV df mu f
x g

g V f i f

π
σ

ψ
π τ

−
= =

+
 

Note that this formula neglects the effect of chemical 
bond strength τs. Therefore, xd obtained from eq. (15) is 
considered a higher bound in this study. Furthermore, 
xd

test is assumed by employing test
cuε and δpeak, which is 

crack opening displacement δ at peak stress attained in 

composite bridging performance σc⎯δ relation with eq. 
(3) (Lin and Li 1997): 

test testx peak cud δ ε=  (16) 

Saturation index xd
test/xd was then evaluated from the 

tensile test results and these two equations. 
It is found that practical criteria for saturated PSH can 

be expressed in terms of the two performance indices. In 
Fig. 16, the saturation index xd

test/xd is plotted against the 
energy performance index J’b/Jtip. The broken horizontal 
line in Fig. 16, xd

test/xd = 2 was proposed as a design limit, 
above which saturated PSH behavior is rarely expected 
(Kanda and Li 1998b). This broken line crosses xd/xd

test 
⎯ J’b/Jtip curve near J’b/Jtip = 2.7, which is considered as 
design criterion for saturated PSH in terms of energy 
performance. J’b/Jtip > 3 was also proposed as the design 
criterion for saturated PSH behavior for fiber pull-out 
type composites, which is similar to the above obtained 
results for the fiber rupture type (Kanda and Li 1998b). 
In Fig. 17, the saturation index xd

test/xd is plotted against 

the stress performance index ( )peak fc i
σ σ , which 

suggests that ( )test
peak fc i

σ σ > 1.35 is necessary to 

achieve saturated PSH. This condition is slightly larger 
than that reported for the fiber pull-out type composites 
(> 1.2) (Kanda and Li 1998b). In Fig. 17, the xd

test/xd ⎯ 

( )est
peak fc i

σ σ curve is illustrated as well. This theo-

retical curve is close to the test observation, xd
test/xd ⎯ 

( )test
peak fc i

σ σ , while it slightly underestimates the test 

results. Therefore, ( )est
peak fc i

σ σ > 1.3 may be em-

ployed as a practical stress criterion. 
The above discussion with Fig. 16 and Fig. 17 sug-

gests that fiber rupture type ECCs can be designed with 
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Fig. 15 Effect of energy performance index on ultimate 
tensile strain. 
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saturated PSH by considering J’b/Jtip > 2.7 and 

( )est
peak fc i

σ σ > 1.3 as a reference. The major signifi-

cance is that the design considerations with these criteria 
are essentially conducted by theory without experiments 
for composites similar to those involved in the present 
data set. However, the present data set covers rather a 
broad range of variation in micromechanical parameters, 
e.g., different fiber type, fiber length, fiber diameter, and 
matrix type. Hence these minimum performance indices 
may be used as comprehensive design references. Of 
course, more research results should be accumulated to 
practically employ these design criteria with confidence. 

It should be noted that the above two criteria need to 
be simultaneously satisfied in achieving saturated PSH 
behavior. For example, ECCs designed to satisfy J’b/Jtip 
> 2.7 may not show saturated PSH behavior when they 
involve flaws with very small size cm. Smaller cm in-
creases first cracking strength as shown in eq. (13) and 

results in violating ( )est
peak fc i

σ σ > 1.3. In another 

example, a composite involving large flaw size may 

result in satisfying ( )est
peak fc i

σ σ > 1.3. However, 

unless J’b/Jtip > 2.7 is satisfied, steady state cracking may 
not be ensured on each crack plane. This means this 
composite does not show PSH behavior.  

 
9. Conclusions 

This study has focused on design and demonstration of 
fiber rupture type ECCs with saturated Pseudo Strain 
Hardening behavior. As a result, saturated PSH behavior 
was experimentally observed for the fiber rupture type 
ECCs in uniaxial tensile tests by tailoring composite 
constituents. The process of designing these composites 
is facilitated by the newly proposed practical design 
criteria using micromechanics, which are based on two 
performance indices: stress performance index 

( )peak fc i
σ σ and energy performance index J’b/Jtip.  

Evaluation of ( )peak fc i
σ σ  necessitates the exten-

sion of the theory for estimating first cracking strength 
(σfc)i in the literature. This precedent theory is limited in 
covering composite constituent properties, i.e., complete 
fiber pull-out without rupturing and friction dominant 
fiber/matrix interface with negligible chemical bonding. 
Accounting for fiber rupture and chemical bond, this 
study proposed a comprehensive theory for first cracking 
strength with correction factor of 0.8, which is necessary 
due to simplified crack profile and underestimated flaw 
size responsible to cracking. The comparison with test 
data revealed that prediction with the proposed theory 
matches measured first cracking strength within 10 % 
error. 

The two performance indices were evaluated for four 
different composites tested in uniaxial tension. Correla-
tions between PSH saturation intensity and these per-
formance indices suggest the following practical design 
criteria for PSH in fiber rupture type ECCs, 

( )est
peak fc i

σ σ > 1.3 and J’b/Jtip > 2.7. These criteria 

were almost comparable to those obtained for fiber 
pull-out type ECC in the literature. Furthermore, the data 
set used for obtaining these criteria cover a rather broad 
range of micromechanical parameters. Therefore, these 
criteria may be applied for various types of composites 
e.g., independent of existing fiber rupture and chemical 
bond. In fact, both indices are fundamentally governed 
by matrix types and fiber bridging properties. The effects 
of fiber pull-out or rupture are reflected in these indices. 

This study proposed design criteria for achieving PSH 
composites, which should be practical and comprehen-
sive. Because this guideline appears to be supported by 
limited test data, further investigation is necessary to 
assure reliability. 
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Notation  

df = fiber diameter; 
Ec = elastic modulus of composite; 
Ef = elastic modulus of fiber; 

Em = elastic modulus of matrix; 
KB = stress intensity factor due to fiber 

bridging; 
KL = stress intensity factor by applied remote 

loading; 
Km = matrix fracture toughness; 
Ktip = crack tip toughness; 
f = snubbing coefficient; 
f' = fiber strength reduction factor; 
Jtip = crack tip toughness (energy form) 
J'b = complementary energy of σc-δ curve; 
Lc = maximum critical fiber embedment 

length; 
Lr = minimum fiber length for fiber rupture; 
Lf = fiber length; 
Vf = volume fraction of fiber; 
δ = crack opening displacement; 

test
cuε  = Ultimate tensile strain capacity in test; 

σc = crack bridging stress of composite; 
σpeak = peak bridging stress of composite; 

( )est
fc i

σ  = irst cracking strength in theory; 

( )test
fc i

σ  = first cracking strength in test; 
test
peakσ  = peak composite bridging stress in test; 

xd = saturated crack spacing; 
test
dx  = crack spacing in test; 

τI = frictional bond strength;  
τs = chemical bond strength; 

 
superscripts 

(^) = normalization by Lf/2; 
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